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I. INTRODUCTION 

The longitudinal space-charge waves and 

instabilities in high current accelerators play an 

important role in the dynamics of intense beams for 

accelerator applications [1,2]. Historically, the 

study of space-charge waves goes back to Simon 

Ramo and W.C. Hahn in vacuum tubes [3,4]. In the 

1950s, Birdsall and Whinnery performed 

calculations of gain and phase of electrons passing 

near lossy walls which was used for beam 

amplification [5]. It is, therefore, very important to 

fully understand such phenomena in order to 

develop advanced accelerators for various 

applications. For example, beam dynamics 

including the space-charge waves and instabilities 

can be found in induction accelerators as drivers for 

heavy ion inertial fusion [6]. 

Analytical solution of space-charge wave equation 

based on the cold fluid model in one dimension 

predicts two eigenmodes (the one is forward fast 

wave and the other is the backward slow wave), 

given an initial perturbation [7]. 

On the other hand, for most of machines of the 

transport of high intensity beams, especially near 

the source and injector, there is an internal 

repulsion due to space-charge forces. This process 

can introduce nonlinear forces that cause a 

reduction in beam quality. The longitudinal space 

charge waves can be generated by a perturbation to 

the beam density or energy in turn resulting from 

small errors in the applied fields. These kinds of 

perturbations give rise to instabilities that disrupt 

the beam under certain circumstances [8-13].  

The experimental measurements concerning the 

propagation of space-charge waves with large 

amplitudes in an intense, charged-particle beam 

demonstrate that experimental observations begin 

to deviate from predictions of linear theory due to 

nonlinear effects [14]. Employing a large-

amplitude perturbation by a UV laser, the evolution 

of the space charge wave under nonlinear effects 

has been observed [15]. The large-amplitude 

perturbations of solitary kind, a nonlinear structure 

which is a combination of sinusoidal wave trains, 

on an intense electron beam has experimentally 

been observed [ 16]. Theoretically, one of the most 

important equations describing such nonlinear 

phenomena is the Korteweg-deVries (KdV) 

equation [ [17-19]. These single pulse solitons are 

formed when nonlinear effect balances dispersion 

effect. Space-charge solitary waves in charged 

particle beams in resistive-wall transport channels 

has theoretically been studied by H. Suk et al [20]. 

They have shown that both slow and fast solitary 

waves can propagate so that the slow space-charge 

solitary waves grow in amplitude, while the fast 

space-charge solitary waves decay. Assuming a 

water-bag distribution for the longitudinal 

distribution function, it has been revealed that 
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weakly nonlinear perturbations moving near the 

sound speed evolve according to KdV equation 

[21]. The existence of solitary waves traveling 

along a coasting ion beam in circular accelerators 

has been investigated by Schamel and Fedele based 

on a new coupled system of equations, the Vlasov 

equation and a generalized form of Poisson’s 

equation [22]. Two-dimensional particle-in-cell 

simulations have represented that the electrostatic 

solitary waves can excite and propagate in ion 

beam neutralization by injecting electrons from a 

filament [23]. 

On the other hand, there exist localized wave 

structures (known as envelope solitons) which are 

deduced when the nonlinearity in the system is 

balanced by the wave group dispersion. The 

dynamics of such structures are governed by 

Nonlinear Schrödinger equation (NLSE) [24]. 

Noticing the observations of envelope soliton 

structures in the laboratory and space plasma [25, 

26], the modulational instability (MI) has received 

a great attention during last several decades (see e. 

g, [27-34]. 

As far as the space charge waves are concerned, 

Stephan I. Tzenov and Ronald C. Davidson [35] 

obtained a nonlinear Schrödinger equation for the 

slowly varying single-wave amplitude using the 

renormalization group (RG) technique [36-39], in 

an intense particle beam propagating through a 

smooth focusing field.  

In nonlinear optics, NLSE describes the formation 

and evolution of the so-called dark and bright 

solitons. The dark solitons are called holes or 

cavitons in the case of charged particle beam. 

Another important aspect of NLSE is that it 

provides a description of collective behavior of 

charged-particle beams. In fact, though, the 

conventional description of collective behavior of 

charged-particle beams is usually given in terms of 

the Vlasov equation, however, some alternative 

descriptions have been extended in terms of NLSE 

governing the collective dynamics of the beam 

while interacting with the surrounding medium 

[40-42]. A self-consistent model for the 

longitudinal dynamics of a long, coasting beam in 

linear geometry in the smooth-focusing 

approximation has been investigated and 

consequently a closed system of equations for the 

nonlinear evolution of the longitudinal distribution 

function has been found [43]. Besides, it has been 

shown that in the case of a beam with uniform 

phase-space density, the Vlasov–Maxwell 

equations can be replaced exactly by the 

hydrodynamic equations with a triple adiabatic 

pressure lawcoupled with the Maxwell equations 

[44]. 

Based on Ref. 43, it has previously been 

demonstrated that in the case of constant phase-

space density (assuming a water-bag distribution 

for the longitudinal distribution function) the 

Vlasov–Poisson equations are fully equivalent to a 
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hydrodynamic model with zero heat flow and 

triple-adiabatic equation-of-state [21].  

The layout of manuscript is as follows. In section 

II, we repeat the hydrodynamic equations derived 

as a key for the subsequent analysis for illustration. 

In section III, we obtain NLSE using the standard 

reductive perturbation technique (multiple scales). 

The purpose of section IV is to review 

modulational stability and instability analysis of 

NLSE based on linearizing around the 

monochromatic wave solution, and the solutions of 

NLSE. Section V devotes to numerical analysis. 

Finally, conclusions are drawn in section VI. 

 

II. THE MODEL EQUATIONS 

The present paper devotes to the theoretical 

investigation of self-modulation in intense charged 

particle beams. We consider longitudinal 

disturbances in a long coasting beam with 

characteristic radius rb in which beam particles 

have charge eb and rest mass mb.  It is supposed that 

the beam propagates in the direction z in a linear 

geometry. In addition, it is assumed that the beam 

propagates through a straight, perfectly conducting 

cylindrical pipe with wall radius rw. We also 

assume axial kinetic energy of the beam in z 

direction is 𝐸𝑘,𝑏 = (𝛾𝑏 − 1)𝑚𝑏𝑐2, where 𝛾𝑏 =

(1 − 𝛽𝑏)−1/2denotes the relativistic mass factor 

and c is the speed of light in vacuo. The average 

axial velocity of the beam particles is given with 

𝑉𝑏 = 𝛽𝑏𝑐. Besides, we assume the applied 

transverse focusing force is modeled in the smooth 

focusing approximation. Finally, the thin-beam 

(paraxial) approximation is employed to treat the 

nonlinear dynamics of the beam particles, and the 

particle motions in the beam frame are assumed to 

be nonrelativistic. Assuming a water-bag 

distribution for the longitudinal distribution 

function, the fluid dynamical (moment) equations 

for charged particle beam [21] include the 

normalized density (continuity) equation 

𝜕𝜂

𝜕𝑇
+

𝜕(𝑈𝜂)

𝜕𝑍
+

𝜕𝑈

𝜕𝑍
= 0,                                            (1) 

and the normalized momentum equation 

𝜕𝑈

𝜕𝑇
+

𝜕𝜂

𝜕𝑍
+

𝑈𝜕𝑈

𝜕𝑍
+ 𝜎𝜂

𝜕𝜂

𝜕𝑍
+

𝜕3

𝜕𝑍3 𝜂 = 0,                  (2) 

Wher 

  𝜎 = 𝑈𝑏𝑇
2 (𝑈𝑏0

2 + 𝑈𝑏𝑇
2 ) =

3𝑃𝑏0

𝑒𝑏
2𝑔0𝜌𝑏0

2 +3𝑃𝑏0
⁄  ,     (3) 

    𝜂 =
𝜆𝑏−𝜆𝑏0

𝜆𝑏0
,                                                        (4) 

and 

    𝑈 =
𝑉𝑏

√𝑈𝑏𝑇
2 +𝑈𝑏0

2
.                                                  (5)       

In Eqs (1) and (2), the scaled (dimensionless) time 

variable T and spatial variable Z are defined by 

 

    𝑇 = (
𝑈𝑏𝑇

2 +𝑈𝑏0
2

𝑈𝑏2
2 )

𝑈𝑏2𝑡

𝑟𝑤
,                                         (6)   

  𝑍 = √
𝑈𝑏𝑇

2 +𝑈𝑏0
2

𝑈𝑏2
2

𝑧

𝑟𝑤
 .                                             (7) 
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where 𝑈𝑏𝑇 = √3𝑃𝑏0/𝜆𝑏0𝑚𝑏 denotes the thermal 

speed, 𝑈𝑏0 = √3𝜆𝑏0 𝑔0𝑒𝑏
2/𝑚𝑏 denotes the 

effective sound speed associated with the 

geometric factor g0, 𝑈𝑏2 = √3𝜆𝑏0 𝑔2𝑒𝑏
2/𝑚𝑏 is an 

effective speed that measures the strength of the 

cubic dispersive term associated with the geometric 

factor g2. 

In the relation (4), the quantities 𝜆𝑏 and 𝜆𝑏0 

represent the perturbed and unperturbed linear 

densities, respectively. Finally, the quantity 𝑃𝑏0 in 

the definition of 𝑈𝑏𝑇 = √3𝑃𝑏0/𝜆𝑏0𝑚𝑏 represents 

the unperturbed pressure. 

 

 

III. DERIVATION OF AN AMPLITUDE 

EVOLUTION EQUATION 

In order to derive an explicit evolution equation 

describing the modulated envelope propagation, we 

shall use the standard reductive perturbation 

technique (multiple scales) [see Refs. 30-32]. To do 

this, we employ the stretched coordinates as ξ = ε(Z 

− λT) and τ = ε2 T instead of independent variables Z 

and T; here, λ is a free (real) parameter, which is to be 

later related to the wave’s group velocity by 

compatibility requirements and ε is a small (real) 

parameter. The dependent variables η and U are 

expanded as 

𝜂 = ∑ ∑ 𝜀𝑛𝜂𝑙
(𝑛)

(𝜉, 𝜏)𝑒𝑖𝑙(𝑘𝑍−𝜔𝑇)+∞
𝑙=−∞

∞
𝑛=1 ,              (8) 

𝑈 = ∑ ∑ 𝜀𝑛𝑈𝑙
(𝑛)

(𝜉, 𝜏)𝑒𝑖𝑙(𝑘𝑍−𝜔𝑇)+∞
𝑙=−∞

∞
𝑛=1  ,               

(9) 

where the real parameters ω and k  are the wave’s 

frequency and wavenumber respectively; the 

reality condition 𝐴𝑙
(𝑛)∗

= 𝐴−𝑙
(𝑛)

  is satisfied by all 

state variables; the star superscript denotes the 

complex conjugate of the (complex) harmonic 

amplitudes. Substituting the expansions (8) and (9) 

and the stretched variables ξ, τ into Eqs (1) and (2), 

the nth order reduced equations are obtained by 

choosing the coefficients of ε n equal to zero. We, 

therefore, obtain 

−𝜆
𝑑

𝑑𝜉
𝜂𝑙

𝑛−1 +
𝑑

𝑑𝜏
𝜂𝑙

𝑛−2 − 𝑖𝑙𝜔𝜂𝑙
𝑛 + 𝑖𝑙𝑘𝑈𝑙

𝑛 +

𝑑

𝑑𝜉
𝑈𝑙

𝑛−1 + ∑ ∑ [𝑖𝑙´𝑘𝑙´𝑛´ 𝜂𝑙´
𝑛´𝑈𝑙−𝑙´

𝑛−𝑛´ +

𝑑

𝑑𝜉
(𝜂𝑙´

𝑛´𝑈𝑙−𝑙´
𝑛−𝑛´−1)] = 0,                               (10) 

 

𝑑

𝑑𝜏
𝑈𝑙

𝑛−2 − 𝜆
𝑑

𝑑𝜉
𝑈𝑙

𝑛−1 − 𝑖𝑙𝜔𝑈𝑙
𝑛 + ilk𝜂𝑙

𝑛 +

𝑑

𝑑𝜉
𝜂𝑙

𝑛−1 +

∑ ∑ [𝑖𝑙´𝑘𝑈𝑙−𝑙´
𝑛−𝑛´𝑈𝑙´

𝑛´ +𝑙´𝑛´ 𝑈𝑙−𝑙´
𝑛−𝑛´−1 𝑑

𝑑𝜉
𝑈𝑙´

𝑛´] +

𝜎 ∑ ∑ [𝑖𝑙´𝑘𝜂𝑙−𝑙´
𝑛−𝑛´𝜂𝑙´

𝑛´ +𝑙´𝑛´ 𝜂𝑙−𝑙´
𝑛−𝑛´−1 𝑑

𝑑𝜉
𝜂𝑙´

𝑛´] +

𝑑3

𝑑𝜉3
𝜂𝑙

𝑛−3 + 3(ilk)
𝑑2

𝑑𝜉2
𝜂𝑙

𝑛−2 + 3(𝑖𝑙𝑘)2 𝑑

𝑑𝜉
𝜂𝑙

𝑛−1 +

(𝑖𝑙𝑘)3𝜂𝑙
𝑛 = 0.                                                                                           

(11) 

The first-order (n=1) equations yield  

−𝑙𝜔𝜂𝑙
(1)

+ 𝑙𝑘𝑈𝑙
(1)

= 0 ,                        (12) 
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−𝑙𝜔𝑈𝑙
(1)

+ 𝑙(𝑘 − 𝑘3)𝜂𝑙
(1)

= 0 .      (13) 

As a compatibility requirement for l=1, Eqs (12) 

and (13) give rise to the following dispersion 

relation  

𝜔2 = 𝑘2(1 − 𝑘2) .                    (14) 

One must note that the dispersion relation (14) can 

also obtain from Eqs. (1) and (2) with linearization. 

Only real solution is thus obtained for the 

frequency ω, defined by  

𝜔 = 𝑘√1 − 𝑘2,                            (15) 

for 0 ≤ 𝑘 ≤ 1 . 

We note that 𝜔 → 0 as 𝑘 → 0, i.e. for small k, the 

space charge wave has acoustic characteristics 

(mode). For small k, this acoustic mode behaves as 

𝜔 ≈ 𝑘.  

The group velocity 𝑣𝑔 is given by  

𝑣𝑔 =
𝜕𝜔

𝜕𝑘
=

1−2𝑘2

√1−𝑘2
.                                  (16) 

The dispersion, the phase velocity and the group 

velocity curves obtained above are depicted in 

Figures 1a, 1b and 1c, respectively. 

 (a) 

   (b)

                            (c)                            

Fig. 1  a) the dispersion curve, b) the phase velocity curve and 

c) the group velocity curve is depicted versus the 

wavenumber 

For n=1 and l=1, the relationship between  𝜂1
(1)

  

and 𝑈1
(1)

 is determined as  

 

𝑈1
(1)

=
𝜔

𝑘
𝜂1

(1)
                                                (17) 
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For n = 2 and l = 1 (first harmonics), Eqs (10) and 

(11) lead to the following compatibility condition: 

 

𝜆 =
1−2𝑘2

√1−𝑘2
                                                   (18) 

It is clear that the real parameter λ equals to the 

group velocity  𝑣𝑔 = 𝜕𝜔 𝜕𝑘⁄ .  

The group velocity behaves as 𝜆 ≈ 1 − 3/2𝑘2 in 

very long-wavelength limit whereas it behaves as 

𝜆 ≈ −
1

2
√1 (1 − 𝑘)⁄  in short-wavelength limit 

𝑘 → 1. 

Although the linear dispersion relation (15) has 

very simple mathematical structure, however, it 

involves several interesting phenomena. If we take 

the maximum of the dispersion curve where ω= 

ωmax for 𝑘 ≡ 𝑘𝑟 = √1 2⁄  the group velocity will be 

zero. It is pointed out that the phase velocity neither 

becomes zero nor infinite at zero group velocity 

(ZGV) point. The wave propagation is, therefore, 

prohibited and only standing waves can exist. Zero 

group velocity (ZGV) takes place in a spatially 

periodic medium for electromagnetic waves [45]. 

Standing oscillations have been observed for 

electron cyclotron harmonic (ECH) waves [46] and 

also for electrostatic waves in a nonextensive 

electron-ion plasma [47]. Since the reflection and 

resonance phenomena occur when 𝑘 → 0 and → ∞  

respectively, the ZGV point is quite different from 

the resonance and reflection points. 

Note that, ωmax denotes frequency cutoff for charge 

space wave. For 0 < 𝑘 < 𝑘𝑟, we have a forward 

acoustic branch because 𝜔 → 0 in the limit 𝑘 → 0 

as stated above and both of the phase and group 

velocities have same directions i.e. 𝑣𝑝ℎ =

𝜔 𝑘 > 0⁄  and 𝜆 > 0. At the point k=kr where the 

dispersion curve turns downward is the branch-

conversion state. 

On the other hand, after the branch -conversion 

point kr the phase and group velocities become 

antiparallel since 𝑣𝑝ℎ = 𝜔 𝑘 > 0⁄  and 𝜆 < 0 in 

𝑘𝑟 < 𝑘 ≤ 𝑘𝑚𝑎𝑥 = 1 range. This means that the 

segment of the dispersion curve with negative slope 

denotes the backward branch. For definition of 

forward and backward waves see Ref. 48. 

 The dispersion relation (15) reveals that the phase 

(group) velocity tends to zero (−∞) as 𝑘 →

𝑘𝑚𝑎𝑥 = 1. Note that, 2𝜋 𝑘𝑚𝑎𝑥⁄  denotes cutoff 

wavelength.  It is noticeable that the group velocity 

corresponds to the actual signal velocity only when 

normal dispersion occurs, or, more generally, when 

the group velocity is less than the phase velocity. 

Some authors consider anomalous dispersion 

region where the dispersion curve has negative 

slope [49]. Sometimes, anomalous dispersion 

occurs when the group velocity is bigger than the 

phase one, so that it does not necessarily represent 

the actual propagation speed of any information or 

energy which is well-known phenomena in optics. 

In fact, in anomalous dispersion, the group velocity 

goes through both negative and positive infinite 

values [50,51]. Accepting this view point that the 

magnitude of group velocity should be less than 
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that of the phase one, we can say that our charged 

particle beam system represents anomalous 

dispersion for √−2 + 2√5 2⁄ < 𝑘 ≤ 1 range 

because the absolute value of the group velocity is 

bigger than the phase one in this region; although 

the kind of wave is backward. In addition, the 

normal dispersion occurs in 0 ≤ 𝑘 <

√−2 + 2√5 2⁄  range where the magnitude of the 

group velocity is less than the phase one. The group 

and phase velocities are both positive in 0 ≤ 𝑘 <

√2 2⁄  range, i.e. forward region, while the phase 

(group) velocity is positive (negative) in √2 2⁄ <

𝑘 < √−2 + 2√5 2⁄  range, i.e. backward region. At 

the point 𝑘 = √−2 + 2√5 2⁄  , the magnitude of the 

group velocity equals to phase velocity.  

 

Proceeding to n = 2, l = 2 in combination with n = 

3, l = 0, 1 in equations (10) and (11), we obtain the 

nonlinear Schrödinger equation (NLSE): 

𝑖
𝜕𝜑

𝜕𝜏
+ 𝑃

𝜕2𝜑

𝜕𝜉2
+ 𝑄|𝜑|2𝜑 = 0,                        

(19) 

which describes the slow evolution of the first-

order amplitude of the beam density 

perturbation 𝝋 ≡ 𝜼𝟏
(𝟏)

. 

In summary, for a coasting beam described by 

water-bag distribution, it is proven that 

disturbances moving near the sound speed 

√𝑈𝑏𝑇
2 + 𝑈𝑏0

2  satisfy the nonlinear Schrödinger 

equation (Eq. 19). 

 The dispersion and nonlinear coefficients P and Q 

are given as  

P =
𝑘(2𝑘2−3)

2(1−𝑘2)
3
2

                                     (20) 

Q = 

 
140𝑘8−(158𝜎+423)𝑘6+(18𝜎2+305𝜎+458)𝑘4−(22𝜎2+161𝜎+199)𝑘2+4𝜎2+20𝜎+24

𝑘√1−𝑘2(144𝑘4−140𝑘2+24)
.    

(21) 

It is easy to prove that the dispersion coefficient P 

is related to the dispersion curve as P = ∂2ω/2∂k2.  

It should be noticed that to investigate the 

existence of localized pulse solitons for every 

physical system, it is necessary to be obtained 

NLS Equation distinctly. In fact, the coefficients 

of dispersion term P and nonlinear term Q will 

be different for different physical systems. 

Hence, many numerous papers have been 

published due to obtaining NLSE for different 

nonlinear physical systems (for instance see 

Refs.27-34). For instance, in Ref. 34, the study of 

dust ion acoustic (DIA) modulation mode in a 

dusty plasma with superthermal electrons has 

been done. It is remarked that the dispersion 

and nonlinearity coefficients given in Refs. 27-

34 are completely different with those in Eq. 19 

although the form of nonlinear Schrodinger 

equation is the same. 

IV. THE SOLUTIONS OF THE NONLINEAR 

SCHRÖDINGER EQUATION (ENVELOPE 

EXCITATIONS) 
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Exact expressions for envelope structures of the 

NLS equation (19) can be obtained by substituting 

𝜑 = √𝜌𝑒𝑖𝜃into Eq. (19). The final formulae are 

found in Ref. [34] (also given e.g. in [32]), 

therefore, we here only briefly summarize the 

results. We obtain the bright envelope soliton 

  

𝜌 = 𝜌0 sech(
𝜉−𝑢𝜏

𝑙
)2  𝜃 =

1

2𝑃
[𝑢 𝜉 − (Ω +

𝑢2

2
) 𝜏],        

(22) 

in the case of PQ>0, and the dark envelope soliton 

𝜌 = 𝜌1[1 − sech(
𝜉−𝑢𝜏

𝑙
)2  𝜃 =

1

2𝑃
[𝑢 𝜉 − (

𝑢2

2
−

2𝑃𝑄𝜌1) 𝜏],                           (23) 

for PQ<0. In Eqs. (22) and (23), the pulse widths l 

and 𝑙 are given by 𝑙 = √2 𝑃 𝑄𝜌0⁄  and 𝑙 =

√2|𝑃 𝑄𝜌1⁄ |, respectively. The bright envelope 

soliton represents a localized pulse, whereas, the 

dark one represents a localized region of negative 

wave density perturbation. Both of the bright and 

dark envelope solitons travel at a speed u. In 

addition of dark and bright envelope solitons, it is 

possible to find the gray envelope soliton as  

𝜌 = 𝜌2[1 − 𝑎2 sech(
𝜉−𝑢𝜏

𝑙´´
)2  𝜃 =

1

2𝑃
[𝑢 𝜉 −

(
𝑢2

2
− 2𝑃𝑄𝜌2) 𝜏 + 𝜃1,0] − 𝑠 sin−1

𝑎 tanh
𝜉−𝑢𝜏

𝑙´´

√1−𝑎2 sech(
𝜉−𝑢𝜏

𝑙´´
)2

          

(24) 

in which 𝜃1,0 is a constant phase,  𝑠 = 𝑠𝑖𝑔𝑛𝑃 ×

𝑠𝑖𝑔𝑛(𝑢 − 𝑉0), 𝑙´´ = (1 𝑎⁄ √2|𝑃 𝑄𝜌2⁄ |), 𝑎2 = 1 +

(𝑢 − 𝑉0)2/(2𝑃𝑄𝜌2) ≤ 1 and V0 is an independent 

real constant which satisfies the 

condition 𝑉0 − √2|𝑃𝑄|𝜌2 ≤ 𝑢 ≤ 𝑉0 + √2|𝑃𝑄|𝜌2. 

The gray envelope soliton represents a localized 

region of negative wave density with a finite 

amplitude at the origin in contrast to the black 

envelope soliton. One would notice that the gray 

envelope soliton transforms to dark one for 𝑉0 = 𝑢, 

because a=1 in this case. 

V. MODULATIONAL STABILITY AND 

NUMERICAL ANALYSIS 

The stability analysis of the NLSE (19) based on 

linearizing around the monochromatic wave 

solution 𝜑 = 𝜑 ̂ exp(𝑖𝑄𝜑̂) is easily obtained by 

choosing 𝜑̂ = 𝜑̂0 + 𝜖𝜑̂1 in which the perturbation 

𝜑̂1 = 𝜑̂1,0exp (𝑖(𝑘̂𝜉 − 𝜔̂𝜏)). So, the dispersion 

relation is given by 𝜔̂2 = 𝑃𝑘̂2(𝑃𝑘̂2 − 2𝑄|𝜑̂0|2). 

One must note that the perturbation wavenumber 𝑘̂ 

and frequency 𝜔̂ are different from the carrier wave 

quantities k and ω. The wave will be stable if the 

product PQ is negative. On the other hand, in the 

case of positive PQ, instability appears for 

perturbation wavenumber values below a critical 

value 𝑘̂𝑐𝑟 = √2 𝑃 𝑄⁄ |𝜑̂0|. The maximum 

instability growth rate 𝛾𝑚𝑎𝑥 = 𝑄|𝜑̂0|2is achieved 

at 𝑘̂ = 𝑘̂𝑐𝑟 √2⁄ . Generally, the instability condition 

depends only on the sign of the product PQ.  
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It may be interesting to trace the asymptotic 

behavior of these coefficients for small k, i.e. for a 

large wavelength and around the singular points. 

P and Q behave as 𝑃 ≈ − (3 2⁄ )𝑘 and 𝑄 ≈ (
1

6
𝜎2 +

5

6
𝜎 + 1)

1

𝑘
 for small k. On the other hand, P and Q 

behave as 𝑃 ≈ −
1

8

√2

(1−𝑘)
3

2⁄
 and 𝑄 ≈

3𝜎

28
√

2

1−𝑘
 for the 

wavenumbers very close to 1. Therefore, we 

conclude that Q tends to zero (∞) in the limit 𝑘 →

1 for 𝜎 = 0 (𝜎 ≠ 1).  𝑃/𝑄 is, therefore, negative 

(prescribing modulational stability, as we shall see) 

and behave as 𝑃𝑄 ≈ −(
1

4
𝜎2 +

5

4
𝜎 +

3

2
) for small k 

(i.e. in the long-wavelength limit) while 
𝑃

𝑄
≈

−
36

4𝜎2+20𝜎+24
𝑘2 in the same limit. On the other 

hand, P/Q behaves as  
𝑃

𝑄
≈

7

6𝜎

1

1−𝑘
 for 𝜎 ≠ 0 and 

𝑃

𝑄
≈ −

7

16

1

(𝑘−1)2 for 𝜎 = 0 in the limit of k=1. So, 

the modulational stability (instability) occurs for 

 𝜎 = 0 (𝜎 ≠ 0) in the short-wavelength limit, 𝑘 →

1, as we shall see.  

Q has also two excess singular points between 0 

and 1 points, 𝑘𝑠1 = √2 3⁄  and 𝑘𝑠2 = √3 2⁄ . Q 

behaves as  𝑄 ≈
47(7+9𝜎)√2

13608

1

(𝑘−
√2

3
)
 and 𝑄 ≈

(−
1

32
+

7

96
𝜎−

1

24
𝜎2)

(𝑘−
√3

2
)

 for 𝑘𝑠1 = √2 3⁄  and 𝑘𝑠2 = √3 2⁄ , 

respectively. We note that Q becomes zero in the 

limit 𝑘 → √3 2⁄  for both of 𝜎 = 3/4 and  𝜎 = 1.  

 

Now, we return to numerical analysis and consider 

three values for the parameter σ (σ=0, σ=0.5 and 

σ=1).   We should note that σ=0 (σ=1) corresponds 

to very cold i.e. 𝑒𝑏
2𝑔0𝜌𝑏0

2 ≫ 3𝑃𝑏0 (hot 

i.e. 𝑒𝑏
2𝑔0𝜌𝑏0

2 ≪ 3𝑃𝑏0 ) charged particle beam 

according to the relation 3. In these two cases, the 

localized envelope structures do not depend on the 

characteristics of the beam, including the geometric 

parameters, particle charge, equilibrium density of 

the beam, etc. Furthermore, if σ=0.5, then the 

relation between the different equilibrium 

parameters of the beam will be satisfied as 𝑃𝑏0 =

1/3𝑒𝑏
2𝑔0𝜌𝑏0

2 .  

First, we notice that the dispersion coefficient, P, 

does not depend on the parameter 𝜎 and it is ever 

negative in 0 ≤ 𝑘 ≤ 1 range. P tends to zero (-∞) 

in the limit of k=0 (k=1). The plot of P versus k in 

0 ≤ 𝑘 ≤ 1 range is depicted in figure 2. It is 

remarked that for very low wavenumbers, the 

dispersion coefficient P becomes very small so that 

the NLSE-based analysis fails because higher-

order nonlinearity takes over which is a well-

known phenomenon in nonlinear optics. 
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Fig. 2 The dimensionless dispersion coefficient P in the NLS 

equation against the reduced normalized wavenumber. 

 Also, it will be interesting to find the wavenumbers 

for which the nonlinear coefficient Q tends to zero 

and infinity. In contrast with P, Q depends on the 

parameter 𝜎. We saw the dispersion relation (20) 

represents forward linear oscillations for the 

segment 0 < 𝑘 ≤ √2 2⁄  and backward ones for the 

segment √2 2⁄ ≤ 𝑘 ≤ 1. Therefore, we consider 

stability analysis for two segments, separately. 

Focusing on the forward segment, it is remarked 

that Q will be zero at some points, says k=kZNP, for 

different values of σ. The subscript ZNP denotes 

zero nonlinearity point. The plot of kZNP versus σ 

has been depicted for the forward segment in figure 

3. This figure shows that kZNP at first decreases with 

the increase of σ until it approaches minimum value 

then it increases as σ increases. We note that Q>0 

for k< kZNP and Q<0 for k> kZNP.   

 

Fig. 3 The plot of kZNP, in which the nonlinear coefficient in 

NLSE namely Q=0, versus dimensionless parameter σ for the 

forward segment of dispersion relation defined by Eq. 15. 

On the other hand, there are some wavenumbers, 

says, k=kINP, for which the nonlinear coefficient Q 

becomes singular. The subscript INP denotes 

infinity nonlinearity point. It is simply clear that 

kINP =0 and √2 3⁄  for every σ as we saw above. 

Moreover,  𝑄 → +∞ as 𝑘 → 𝑘𝐼𝑁𝑃 = 0 and 𝑄 →

−∞ (+∞) as 𝑘 → 𝑘𝐼𝑁𝑃 = √2 3⁄  from left (right) 

side. We have remarked that the sign of the 

coefficient product PQ determines the stability 

profile and the type of space charge localized 

envelope excitations (PQ < 0 for stable dark type 

envelope solitons and   PQ > 0 for instable bright 

type envelope ones). Therefore, we deduce that the 

stable dark (instable bright) excitations can 

propagate in 0 < 𝑘 < 𝑘𝑍𝑁𝑃 (𝑘𝑍𝑁𝑃 < 𝑘 < √2 3⁄ ) 

range. For the wavenumbers higher than 𝑘𝐼𝑁𝑃 =

√2/3 up to k=√2 2⁄  only the stable dark 

excitations can propagate. Figure 4 shows the 

variation of Q versus the wavenumber in range 0 <

𝑘 < √2 2⁄  which confirms above points. 

 

Fig. 4 The dimensionless nonlinear coefficient Q in the NLSE 

against the reduced normalized wavenumber for the forward 

segment of dispersion relation defined by Eq. 15. 
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Now, we concentrate on the backward segment 

√2 2 < 𝑘 ≤ 1⁄ . Figures 5 illustrates the points in 

𝜎-k plane on which the numerator (solid curve) and 

denominator (dashed line) of Q tends to zero. Fig. 

5b represents the zoomed curves in range 0.6 <

𝜎 < 1. The solid curve in figure 5 shows that kZNP 

at first decreases with the increase of σ until it 

approaches minimum value then it increases as σ 

increases. 

(a)

 (b) 

Fig. 5. a) the plots of the points in 𝜎-k plane on which the 

numerator (solid curve) and denominator (dashed line) of the 

dimensionless nonlinear coefficient Q, for the backward 

segment of dispersion relation defined by Eq. 15, tends to 

zero in 0 < 𝜎 < 1 range, b) same plots as zoomed in range 

0.6 < 𝜎 < 1. 

It is evidence from Fig. 5b that two curves intersect 

at two points (3/4, √3/2), and (1, √3/2) where 

𝑄 ≈ 3.849. So, we conclude that the wavenumber 

k=√3 2⁄  is not singular point of Q for 𝜎 = 3/4 and 

𝜎 = 1 so as only the stable dark type envelope 

solitons can propagate. Besides, it is remarked that 

𝑘𝑍𝑁𝑃> 𝑘𝐼𝑁𝑃 for 𝜎 < 3/4 meanwhile 𝑘𝑍𝑁𝑃 < 𝑘𝐼𝑁𝑃 

for 𝜎 > 3/4  where  𝑘𝐼𝑁𝑃 = √3/2 . Also, it is 

observed that Q is singular at the point 𝑘𝐼𝑁𝑃 =

√3/2 provided 𝜎 ≠ 3/4 as remarked above. We 

find Q>0 in the range √2 2 ≤ 𝑘 < 𝑘𝐼𝑁𝑃 = √3/2⁄  

for 𝜎 < 3/4 , namely the stable dark type envelope 

solitons can propagate. Q will be negative for the 

wavenumbers higher than 𝑘𝐼𝑁𝑃 = √3/2 up to 

𝑘𝑍𝑁𝑃,  hence the instable bright ones will 

propagate. In addition, we obtain Q>0 for the 

wavenumbers higher than 𝑘𝑍𝑁𝑃 up to 1 so that the 

stable dark type envelope solitons appear, again. 

Figure 6 shows the variations of Q versus the 

wavenumber in range √2 2 ≤ 𝑘 ≤ 1⁄   for 𝜎 < 3/4  

which confirms above points.  
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Fig. 6. The dimensionless nonlinear coefficient Q in the NLS 

equation against the reduced normalized wavenumber for the 

forward segment of dispersion relation defined by Eq. 15 

when 𝜎 < 3/4. 

In the case of 𝜎 > 3/4, figure 7 illustrates the 

variations of Q versus the wavenumber in range 

√2 2 ≤ 𝑘 ≤ 1⁄ . Fig. 7b represents the zoomed 

curves around k=0.865. In this case, we observe 

that the variation of Q versus the wavenumber for 

different values of 𝜎  is similar to the forward 

segment, see Fig. 4 and Fig. 7b. 

 

Fig.7  a) the dimensionless nonlinear coefficient Q in the 

NLSE against the reduced normalized wavenumber for the 

forward segment of dispersion relation defined by Eq. 15 

when 𝜎 > 3/4, b) same plots as zoomed around k=0.865.  

 

Now, let us consider the width of the space charge 

localized envelope excitations. The plot of P/Q 

versus the wavenumber, k, has been depicted in 

Figure 8.  Focusing on the forward segment (see 

Fig. 8a), the width of the dark excitations will be 

narrower for lower wavenumbers i.e. for long 

wavelengths, and it increases up to infinity as 𝑘 

increases up to 𝑘𝑍𝑁𝑃. For k>𝑘𝑍𝑁𝑃,  the width of the 

bright excitations decreases and reaches to zero at 

𝑘 = 𝑘𝐼𝑁𝑃=√2/3, where the product PQ changes 
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sign.  For the wavenumbers higher than 𝑘𝐼𝑁𝑃=√2/3 

up to 𝑘 = √2 2⁄ , the width of the dark excitations 

increases. It is seen that the characteristics of the 

space charge localized envelope excitations are 

similar for the different values of parameter σ. 

Fig. 8b shows the plot of P/Q versus the 

wavenumber k for √2 2⁄ ≤ 𝑘 ≤ 1 backward 

segment. In this case, the characteristics of the 

space charge localized envelope excitations vary as 

the parameter σ varies (see Fig. 8b).  

It should be mentioned that above results are 

exactly valid because 0 ≤ 𝑘 ≤ 1, consequently 

Landau damping will not be of importance. 

 

 

Fig. 8 The plots of the ratio P/Q (whose numerical value 

determines the characteristics of envelope excitations) against 

the normalized wavenumber for different values of 𝜎; a) for 

the forward segment of dispersion relation defined by Eq. 15, 

b) for the backward segment of dispersion relation defined by 

Eq. 15. 

 

VI. CONCLUSION 

In this paper, we have considered the nonlinear 

propagation of space charge wave packets in a 

charged particle beam, by employing a water-bag 

distribution for the longitudinal distribution 

function. It has been assumed that the beam 

propagates through a straight, perfectly conducting 

cylindrical pipe with wall radius rw. Linear 

dispersion curve of space charge waves has been 

obtained which consists of two forward and 

backward segments for the normalized 

wavenumbers lower and higher than  𝑘𝑟 = √1 2⁄  , 

respectively. The group velocity is zero at 𝑘𝑟 =

√1 2⁄   where the dispersion curve turns downward. 

The normal dispersion occurs in 0 ≤ 𝑘 <

√−2 + 2√5 2⁄  range where the magnitude of the 

group velocity is less than the phase one. The group 

and phase velocities are both positive in 0 ≤ 𝑘 <

√2 2⁄  range, i.e. forward region, while the phase 

(group) velocity is positive (negative) in √2 2⁄ <

𝑘 < √−2 + 2√5 2⁄  range, i.e. backward region. 

Moreover, it was found the space charge waves 

illustrate anomalous dispersion for √−2 + 2√5 2⁄ <

𝑘 ≤ 1 region. 

Considering small yet weakly nonlinear deviations 

from equilibrium, and adopting a multiple scale 
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technique, the basic set of fluid equations is 

reduced to nonlinear Schrödinger equation for the 

slowly varying linear charge density perturbation 

amplitude.  The analysis revealed the dispersion 

coefficient in nonlinear Schrödinger equation 

(NLSE) doesn’t depend on σ, and it is negative in 

0 < 𝑘 < 1 range so that negative group velocity 

dispersion occurs. Here, σ denotes dimensionless 

parameter which depends on the beam equilibrium 

pressure and linear charge density, electric charge 

of beam particle and geometric parameter 𝑔0( see 

Eq. 3 into text). Finally, it was observed that both 

of stable dark and instable bright excitations 

associated with space charge waves can propagate 

not only in normal dispersion region but also in 

anomalous one.  We hope above predictions are 

investigated and confirmed by appropriately 

designed experiments. Investigation of space 

charge wave packets propagation in charged 

particle beams in resistive-wall transport channels 

may be of importance which is postponed to future.  
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